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Abstract. A RedhefTer type description of the set of all contractive solutions 
to the relaxed commutant lifting problem is given. The description involves 
a set of Schur class functions which is obtained by combining the method 
of isometric coupling with results on isometric realizations. For a number of 
special cases, including the case of the classical commutant lifting theorem, 
the description yields a proper parameterization of the set of all contractive 
solutions, but examples show that, in general, the Schur class function deter- 
mining the contractive lifting does not have to be unique. Also some sufficient 
conditions are given guaranteeing that the corresponding relaxed commutant 
lifting problem has only one solution. 



0. Introduction 

This paper is devoted to the relaxed comniutant hfting theorem in |14j . This 
theorem is a generahzation of the classical commutant lifting theorem [19], and it 
includes as special cases the Treil-Volberg lifting theorem [2^, and its weighted 
version due to Biswas, Foias and Frazho (12. . 

To state the relaxed commutant lifting theorem, let us first recall the general 
setup. The starting point is a lifting data set {A,T' ,U' , R,Q} consisting of five 
Hilbert space operators. The operator A is a contraction mapping Ti into H' , the 
operator U' on JC' is a minimal isometric lifting of T' on H' , and R and Q are 
operators from T-Lq to satisfying the following constraints 

T'AR = AQ and R*R < Q*Q. 

Given this data set the relaxed commutant lifting theorem in [Tl] states that there 
exists a contraction B from H to /C' such that 

(0.1) U-H'B = A and U'BR = BQ. 

Here 11^/ is the orthogonal projection from /C' onto H' . In fact, [H] provides an 
explicit construction for a contraction B satisfying (10.11) . In the sequel we say that 
i? is a contractive interpolant for {A, T' , U' , R, Q} if i? is a contraction from f-L into 
/C satisfying (10. ip . 

In this paper we present a Redheffer type formula to describe the set of all 
contractive interpolants for {A, T', U' , R, Q}. In order to state our main results we 
need some auxiliary operators. To this end, let Do be the positive square root of 
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Q*Q - R*R, and set 



(0.2) 



J" = DaQHq and J"' 



Do 




Dt'AR 


Ho 


DaR 





Notice that is a subspace of Va and J^' is a subspace of 2?o © T^T' CD T^a ■ Here 
we follow the convention that for a contraction C, the symbol Dc denotes the 
positive square root of / — C*C and Vc stands for the closure of the range of Dc- 
Furthermore, Do ~ DoTLq. Since T'AR = AQ, wc know from formula (4.11) in [T3] 
that there exists a unique unitary operator uj mapping onto such that 

Do 
Dt'AR 

DaR 

We also need the projections IIt' and Ha defined by 
(0.4) 

" -Do 

Vt', Ha = I / 



(0.3) 



uj{DAQh) 



h, he Ho- 



Ht' = [ / ] 



Va 



Vt' 
Va 



Va- 



Notice that the previous definitions only relied upon the operators A, T' , R and 
Q. The minimal isometric lifting U' did not play a role. Recall that all minimal 
isometric liftings of the same contraction are isomorphic. So without loss of gen- 
erality, in our main theorem, we can assume that U' — V is the Sz.-Nagy-Schaffer 
minimal isometric lifting of T' which acts on H' ® H^{Vt')- The definitions of 
a minimal isometric lifting and the Sz.-Nagy-Schaffer lifting are presented in the 
next section. Finally, given Hilbert spaces U and y, we write S{U,y) for the set 
of all operator-valued functions which are analytic on the open unit disk D and 
whose values are contractions from U to y. We refer to S(Z//, 3^) as the Schur class 
associated with U and y. We are now ready to state our first main result. 

Theorem 0.1. Let {A,T',V,R,Q} be a lifting data set, where V onH' ®H^{Vt') 
is the Sz.-Nagy-Schdffer minimal isometric lifting of T' . Then all contractive in- 
terpolants for this date set are given by 

Ah 

Ut'F{X){Iv^ ~ XIlAF{X))-^DAh 



(0.5) 



Bh = 



hGH, 



where F is any function from the Schur class S{'Da,Vo 
F{0)\T^uj. 



Vt' © Va) satisfying 



In general, formula (jO.Sp does not establish a one to one correspondence between 
B and the parameter F. It can happen that different F^s yield the same B. For 
instance, assume Ho, H and H' to be equal to C, let A, R and Q be the zero operator 
on C, and take for T' the identity operator on C. Since T' is an isometry, the Sz.- 
Nagy-Schaffer minimal isometric lifting V of T' is equal to T'. The latter implies 
that there is only one contractive interpolant B for the data set {A,T' ,V, R,Q}, 
namely B = A. The fact that R and Q are the zero operators on C implies that 
T = {0} and T' {0}. It follows that for this data set {A,T',V,R,Q} the only 
contractive interpolant B is given by formula (|0.5|) where for F we can take any 
function in the Schur class S(C, C). The previous example can be seen as a special 
case of our second main theorem. 
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Theorem 0.2. Let B be a contractive interpolant for the data set {A, T' , V, R, Q} 
where V is the Sz.-Nagy-Schdjfer minimal isometric lifting of T' . Then there is a 
one to one mapping from the set of all F in S{T>a, 2?o ©^^t' ®T^a) with F{0)\J- = lo 
such that B is given by (jO.Sp onto the set S{QbtG'b)j with Gb md Q'g being given 
by 



(0.6) Qb^VbQDbQUo and G'b^ {Vo®Vb)' 



Do 
DbR 



Ho- 



Our proof of the above theorem also provides a procedure to obtain a mapping 
of the type referred to in the theorem. 

It is interesting to specify Theorems 10.11 and 10.21 for the case when in the hfting 
data set {A,T' ,V, R,Q} the operators A, T', R and Q are zero operators. In 
this case the intertwining condition VBR ~ BQ, where V is the Sz.-Nagy-S chaffer 
minimal isometric lifting of T' — 0, is trivially fulfilled, and hence _B is a contractive 
interpolant if and only if 



Bh 



hen, 





ei-)h 

where 8 is any function in H^^ii{C{TL, %'))■ The latter means that is a C{T-L, TL')- 
valued analytic function on D such that for each h G T-L the function Q{-)h belongs 
to the Hardy space H'^i'H'), and \\e{-)h\\H2{y) < \\h\\. It follows that Theorems lOJ] 
and 10.21 have the following corollaries. 

Corollary 0.3. Let F be any function in the Schur class 8(7^, Ti' Ti), and let 11 
and n' be the orthogonal projections of %' (B % on % and %' , respectively. Then 
the function Q defined by 

(0.7) e(A) = li' F{X){Iu - AnF(A))-i 

belongs to H^^n{C{'H,'H')) , and any function in H^^n{C{T-L,'H')) is obtained in this 
way 

Corollary 0.4. Let Q £ H^^ii(C{'H,'H')). Then there is a one to one mapping 
from the set of all F in S(H, H' ® H) such that (10.71) holds onto the set S{T>Y,T>r) , 
where T is the contraction from % into H^{'H') defined by 

{Th){\) = e(A)/i, e A e U. 

When H = H' = C, and hence is a scalar function, Corollary 10. 31 can be found 
in [18], page 490, provided O is of unit norm. For p x q matrix functions O, 
when H = C« and W = CP, Corollary |03] is Theorem 2.2 in For the general 
operator valued case Corollarv 10 . 31 seems to be new. Corollarv 10.41 seems to be new 
even in the scalar case. Notice that in the scalar case the space T>r in Corollarv 10.41 
consists of the zero element only if 8 is of unit norm, and V-p = C otherwise. 

Another case of special interest is the classical commutant lifting problem. As 
we know from [14] the commutant lifting theorem can be obtained by applying 
the relaxed commutant lifting theorem to the data set {A,T' ,U' , I'h.,Q} where 
Ho = y., the operator R is the identity operator on H and Q is an isometry; see 
|14) . In this case, the space G'b in Theorem 10.21 consists of the zero element for 
any choice of the contractive interpolant B. In other words, for the case of the 
classical commutant lifting formula (|0.5|) provides a proper parameterization, that 
is, for every contractive interpolant B for {A,T' ,V,R,Q} there exists a unique F 
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in S{Va, Vo ® Vt' ® Va) with F(0)| J" = w such that B is given by (|031). Finahy, 
it is noted that this formula also yields the RedhefFer type parameterization for the 
comniutant lifting theorem presented in Section XIV of [13' . 

If in Theorem lO.il we take F{X) = wlljr, where Iljr is the orthogonal projection 
of Va onto then the contractive interpolant B in (lO.Sp is precisely the central 
solution presented in [141. 




From Theorem lO.il we see that J- ~ Va implies that there is a unique contrac- 
tive interpolant (which is known from Theorem 3.1 in 14 ). Other conditions of 
uniqueness will be given in the final section of the paper. 

We shall prove Theorems 10.11 and 10.21 by combining the method of isometric 
coupling with some aspects of isometric realization theory. The theory of isometric 
couplings originates from [1], [2], and was used to study the commutant lifting 
problem for the first time in [5] - j9]; see also, Section VII. 7 in fTS]. 

The paper consist of six sections not counting this introduction. The first two 
sections have a preliminary character, and review the notions of an isometric lifting 
(Section[T|), and an isometric realization (Section[2|). In the third section we develop 
the notion of an isometric coupling of a pair of contractions which provides the main 
tool in this paper. In Section|4]we prove Tlieorem lO.ll for the case when R*R = 
and in Section [5] we prove Theorem 10.11 in its full generality. In the final section 
we prove Theorem 10.21 and we present a few sufficient conditions for the case when 
(10. 5|) provides a proper parameterization, and also conditions for uniqueness of the 
solution. 

We conclude this introduction with a few words about notation and terminology. 
Throughout capital calligraphic letters denote Hilbert spaces. The Hilbert space 
direct sum of U and y is denoted by 



The set of all bounded linear operators from Ti. to T-L' is denoted by L(H, H'). The 
identity operator on the space % is denoted by I-h or just by /, when the underlying 
space is clear from the context. By definition, a subspace is a closed linear manifold. 
li A4 is a subspace of T-l, then T-L Q M stands for the orthogonal complement of 
Ai in "H. Given a subspace A4 of V., the symbol Hm will denote the orthogonal 
projection of H onto viewed as an operator from H to A4, and Pm will denote 
the orthogonal projection of H onto A4 viewed as an operator on H. Note that 11^^ 
is the canonical embedding from into H, and hence Pm = H^II^. Instead of 
we shall sometimes write Ej^, where the capital E refers to embedding. A 
subspace of "H is said to be cyclic for an operator T onH whenever 




U®y or by 



y 



oo 



U=\J T'M = span{r"X | n = 0, 1, 2, . . .}. 



Finally, by definition, a L(?^, ?^')-valued Schur class function is a function in 
8(7^,?^'), i.e., an operator- valued function which is analytic on the open unit disk 
D and whose values are contractions from T-L to T-L' . 
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1. Isometric liftings 



In this section we review some facts concerning isometric liftings that are used 
throughout this paper. For a more complete account we refer to the book [TB] (see 
also Chapter VI in jl3], and Section 11.3 in |14)). 

Let T' on Ti' be a contraction. Recall that an operator [/ on X] is a isometric 
lifting of T' if %' is a subspace of JC and U is an isometry satisfying li-w U = T'll-w ■ 
Isometric liftings exist. In fact, the Sz.-Nagy-Schdjjer isometric lifting V of T' is 
given by 



(1.1) 



r 

EDt' 





s 



n' 



Here S is the unilateral shift on the Hardy space H^{'Dt') and E is the canonical 
embedding of Vt' onto the space of constant functions in {Vt' ) . To see that V 
in (jl.ip is an isometric lifting of T' note that any operator U on /C = 'H' is an 
isometric lifting of T' if and only if U admits an operator matrix representation of 
the form 



(1.2) U = 



r 





on 


■ n' ' 


YiDt' 


^2 . 


M 



where F = [ Fi Y2 ] 



Vt' 
M 



is an isometry. 

An isometric lifting U of T' is called minimal when H' is cyclic for U. The 
Sz.-Nagy-Schaffer isometric lifting of T' is minimal. If the isometric lifting U is 
given by (|1.2p . then the lifting is minimal if and only if the space YiVt' is cyclic 
for Y2. 

Two isometric liftings Ui on JCi and U2 on JC2 of T' are said to be isomorphic if 
there exists a unitary operator $ from JCi onto IC2 such that 

$C/i = L/2$ and $/i = /i for aU h e 7^'. 

Minimality of an isometric lifting is preserved under an isomorphism, and two 
minimal isometric liftings of T' are isomorphic. 

Finally, when {7 on is a isometric lifting of T', then the subspace K.' , given by 

00 

/C' = Y C/"H', 

n=0 

is reducing for U , that is, both /C' and its orthogonal complement K. = K, Q K,' are 
invariant under U. Furthermore, in that case the operator U' — TiK:'U\K,' on /C' 
is a minimal isometric lifting of T', and the operator U admits a operator matrix 
decomposition of the form 



(1.3) 



U 



U' 
u 



on 



/C' 
K 



where U is an isometry on /C. We shall call U' in (|1.3p the minimal isometric lifting 
of T' associated with U . 

The following proposition summarizes the results referred to above in a form 
that will be convenient for this paper. For details we refer to Section 11.3 in [14] . 

Theorem 1.1. LetT he a contraction on W , let V onW ® H'^{Vt') he the Sz.- 
Nagy-Schaffer (minimal) isometric lifting ofT', and letU on H©A4 he an arhitrary 
isometric lifting of T' given by (|1.2p . Then there exists a unique isometry $ from 
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W © H'^{Vt') mto n' ®M such that = $y and <^\n' = Iw ■ In fact, $ is 
given by 



' Iw ■ 




W 




■ n' ' 


A 






-> 


M 



where A ^5 defined by 

oo oo 

Ah^Y. ^i'Y^h'n, h{\) = ^"hn e H^il^T'), 

n=0 n=0 

with Yi and Y2 as in (fL^ . Moreover, (A*m)(A) = ¥{{1 - XY2*)-'^m for each 
M. Finally, $ is unitary if and only if U is a minimal isometric lifting of T' , 
and in that case the isometric liftings V and U of T' are isomorphic. 

The isometry $ introduced in the above theorem wih be referred to as the unique 
isometry associated with T' that intertwines V with U. Since V is uniquely deter- 
mined by T', we shall denote this isometry simply by ^u.T'- When J7 on /C is 
an isometric lifting of T' and U' on JC' is the minimal isometric lifting of T' as- 
sociated with U, then the operator H/c^u.T' is the unique isometry associated 
with T' that intertwines V with U' , that is, ^u'.T' ~ ^K'^u,T' or, equivalently, 



2. Isometric realizations 

In this section we review some of the classical results on controllable isometric 
realizations, and we prove a few additional results that will be useful in the later 
sections. 

We say that {Z, B,C, D; X ,U,y} (or simply {Z, B,C, D}) is a realization of a 
L(Z//, 3^)-valued function G if 

(2.1) G{X)=D + XC{Ix-XZ)-'^B 

for all A in some open neighborhood of the origin in the complex plane. Here Z 
is an operator on X and B is an operator from U into X while C is an operator 
mapping X into y and D is an operator from U into y (where X, lA and y are 
all Hilbert spaces). In this case, we refer to the function defined by the right hand 
side of (|2.ip as the associated transfer function. A realization {Z, B, C, D} is called 
isometric if the operator 



" D 


C ' 




■ u ' 




' y ' 


B 


Z 




X 




X 



is an isometry. The 2x2 operator matrix in (|2.2p is called the system matrix 
associated with the realization {Z, B,C, D}. The transfer function of an isometric 
realization belongs to the Schur class S{U, y), that is, if {Z, B, C, D} is an isometric 
realization, then the function G defined by (12. ip is a contractive analytic li{U, y)- 
valued function on D. Conversely, if G £ S{U,y), then there is an isometric 
realization {Z, B, C, D} such that ((2T]) holds for aU A in D. 

The transfer function of a realization can also be expressed in terms of the system 
matrix M. In fact, if {Z, B, C, D} is a realization and M is the associated system 
matrix, then in a neighborhood of the origin the transfer function G is also given 

by 

(2.3) G(A) = nyMiluex - XJxM)-'Ult, 
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where Jx is the partial isometry from y ® X io lA ® X given by 
Jx = 

Indeed, for A sufficiently close to zero we have 
G(A) 



" 







■ y ' 




■ u ' 









X 




X 



= D + \C{Ix 






= [D C] 


lu 

\{Ix -\Z)-^B 


= [D C] 


lu 

~\B Ix 




- \Z 


= [D C] 


Iu®x - A 


■ 

. 


= UyMiluex - \JxM) 


-Itt* 



c 



lu 

\{ix - xzy^B 







{Ix-\Z)- 



lu 






1 


" lu ' 

















D C ' 






B 


Z 



lu 




Since the right side of (|2.ip is a Schur class function if M in (12.21) is an isometry, 
the same holds true for the right hand side of (12.31) . Notice that the function G 
defined by (j2.3p can also be written in the form: 



G(A) = Iiy{Iys,X - XMJxY^MIVli. 

If for a realization {Z,B,C,D;X,U,y} the space \/^^qZ"-BU is equal to X, 
then the realization or the pair {Z, B} is called controllable. In other words, a 
realization is controllable if and only if the space BU is cyclic for Z. In terms of the 
system matrix M in (|2.2|) the realization {Z, B, C, D} is controllable if and only if 



(2.4) 



X^Ux\/ iJxMY 



U 
{0} 



The above condition <\2A\ is also equivalent to the requirement that {JxM, 11^} is 
a controllable pair. In the particular case when U = y \n (|2.2I) . condition <\2A\ can 
be written in an even simpler form. This is the contents of the next lemma. 



Lemma 2.1. Let M be as in (|2.2p . and assume lA = y . Then {Z, B} is controllable 
if and only iflA® {0} is cyclic for M , that is, 



(2.5) 



\J M" 



u 




■ u ' 


. {0} . 




X 



Proof. Let Eu be the canonical embedding of U into U ( 
the operator 



' X, and define Mq to be 



Then Mq — M — Eu [ C ] • This feedback relation implies that the pair 
{Mq,Eu} is controllable if and only if the pair {M^Ey} is controllable. Thus 
(|2.5p holds if and only if {Mq,Eu} is controllable. Now notice that for all integers 
n> 1, we have 






■ 




■ u ' 




■ u ' 


B 


z 




X 




X 



M^Eu = 









Z" 



lu 








u 



u 

X 
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It follows that 

OO 

V M^EuU = 

n=0 

We conclude that ()2.5p holds if and only if the pair {Z, B} is controllable. □ 

A realization {Z, B, C, D} or the pair {C, Z} is called observable if CZ^x = 
for all integers n > implies that the vector x is equal to zero. Since the 
orthogonal complement of KerCZ" is equal to the closure of Ini(Z*)"C*, we see 
that observability of the realization {Z, B, C, D} is equivalent to the controllability 
of the dual realization {Z* ,C* , B* , D*}. 

Two realizations {Zi on Xi, Bi,Ci, Di} and {Z2 on ^"2,52,^2,-02} are said to 
be unitarily equivalent if Di = D2 and there exists a unitary operator W mapping 
Xi onto X2 such that 

WZi = Z2W, WBi ^ B2 and C2W = Ci. 

Unitary equivalence does not change the transfer function. More precisely, when 
two realizations are unitary equivalent, then their transfer functions coincide in a 
neighborhood of zero. For isometric controllable realizations the converse is also 
true. In fact we have the following theorem. 

Theorem 2.2. Let G be a 'LiU ,y)-valued function. Then G £ ^{lA,y) if and only 
if G admits an isometric realization. In this case, G admits a controllable isomet- 
ric realization and all controllable isometric realizations of G are unitarily equiv- 
alent. In particular, formula ()2.1|) provides a one to one correspondence between 
the L(Z//, y)-contr active analytic functions on D and (up to unitary equivalence) the 
controllable isometric realizations of l^{lA,y) -valued functions. 

The above result appears in a somewhat different form in [TS' as a theorem 
representing a Schur class function as a characteristic operator function. A full 
proof, with isometric systems replaced by their dual ones, can be found in 4^ which 
also gives additional references. In Section 1.3 of 15 the theorem is proved using 
the Naimark dilation theory. 

We conclude this section with a proposition that will be useful in the later 
sections. The starting point is an isometry Y of the type appearing in (|1.2p . More 
precisely, 

(2.6) r = [ Fi ^2 ] : 

Proposition 2.3. Let Y in (j2.6|) be an isometry. Assume Ai — T> (B X , and let 
fl-p and Tlx be the orthogonal projections of Ai onto T> and X , respectively. Put 

(2.7) F{\)^I{T„^T,Y*{lM-^J'xy*y^'^v, AeB, 
where IIp'^xi is the orthogonal projection of V ® M. onto V ® T>, and 

J'x-V M, J'xid' ®m) =Uxm. 

Then F belongs to the Schur class S{T),T>' ® 2?) and 

(2.8) y*{Im - XY2*y^n*T, = ii'F{x)(^iv - xnF{x)y\ Ago, 

whereH and 11' are the orthogonal projections ofT>'®T> ontoT> andV , respectively. 



U 
{0} 



,^ 1 



1 



V 
M 



M. 
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It will be convenient first to prove a lemma. Let F be a contraction from M into 
£i ® A4. Partition F as a 2 x 1 operator matrix, as follows 

T2 M 



(2.9) 



Furthermore, let £2 be a subspace of M, and consider the function 
(2.10) S(A) -Fi(/a^ -AF2)-inJ , AeB, 



Here H^^ is the orthogonal projection of onto £2- Since F is a contraction, the 
same holds true for F2, and hence / — AF2 is invertible for each A € D. Thus S is 
well-defined on D. Next, let X be the orthogonal complement of £2 in A^, and thus 
M = £2® X. Then F also admits a 3 x 2 operator matrix representation, namely 



(2.11) 

Put 
(2.12) 



Di Ci 
D2 C2 
B Z 



£2 
X 



£1 
£2 
X 



F{\) = 



Di 
D2 



+ A 



C2 



{Ix - \Z)-^B, A e 



Again, since F is a contraction, the operator Z is a contraction, and hence F is 
well-defined on D. 

Lemma 2.4. Let S and F be the functions defined by (|2.10p and (|2.12p . respectively. 
Then F belongs to the Schur class S(£'2,£i ©'£'2) o,nd 

(2.13) S(A) =niF(A)(/-n2F(A))-i A e D, 

where IIi and 112 oltc the orthogonal projections of £1 £2 onto £1 and £2, respec- 
tively. 

Proof. The function F is the transfer function of the system 







■ Br ' 


. ^2 . 


7 


. ^2 _ 



■X,£2,£i®£2]. 



By (|2.11l) the system matrix corresponding to this system is equal to F, and hence 
it is a contraction. This implies that F belongs to the Schur class 8(^2, ^^i © ^2); 
cf.. Theorem 4.1 in |10j where this is proved for time- variant systems. 

To prove (|2.13p fix A G D. Using the partitioning of F in (I2.1ip we see that for 
each e ^ £2 we have 

-1 r 



S(A)e - [ Di Ci ] / - A 



D2 
B 



C2 
Z 



To find ^(A)e we have to compute the first column of the inverse of the 2x2 
operator matrix 



(2.14) 



- AD2 
-XB 



-AC2 
I -XZ 



Since / — XZ is invertible, the Schur complement A(A) of / — XZ in (|2.14p is well- 
defined and is given by 



A(A) := / - AD2 - X^C2{I - XZy^B = 1- An2F(A). 
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It follows (cf., Remark 1.2 in 11 ) that 

n -1 



I-XD2 -XC2 
-XB I -XZ 



{i-xxi2F{x)y 



Thus 



S(A)e = [D^ Ci] 



X{I - XZ)-^B{I - An2F(A))-i 

(/ - An2i^(A))-ie 
A(/ - XZ)-^B{I - XIi2F{X)y^t 



= {Di - ACi(/ - XZ)-^B){I - Xn2F{X))-^e 

= niF{x){i - xn2F{x)y^e. 

Since e is an arbitrary element of £2 , this proves (j2.13p . □ 

Proof of Proposition 12.31 Since Y is assumed to be an isometry, Y* is a con- 
traction. Now apply Lemma [2.41 with V in place of £1, with Y* in place of the 
contraction F in (|2.9p . and with V in place of £2- With these choices the function 
S in (|2.10p coincides with the function defined by the left hand side of (|2.8p . Thus 
in order to finish the proof it remains to show that with T = Y* , £1 =2?', and 
£2 =T> the function F in (|2.12l) is also given by (|2.7p . But this follows by applying 
to F in place of G that the function G in ()2.ip is also given by ()2.3p . Indeed, since 
F is the transfer function of the system 









^2 




^2 



and the system matrix of this system is equal to Y* , the equivalence between ()2.ip 
and (|2.3p yields in a straightforward way that F in (|2.12l) is also given by (|2.7I) . □ 



3. Isometric couplings 

Throughout this section {T',A} is a pair of contractions, T' on a Hilbert space 
H' and A from a Hilbert space H to TL' . 

An isometric coupling of {T\ A} is a pair {[/ on /C,t} of operators such that U 
is an isometric lifting of T', acting on /C (and thus H' C /C), and r is an isometry 
from H to K, with H-^'T — A. If the space K. is of no interest, then we will just 
write {U,t}. An isometric coupling {U on JC,t} of {T', A} is called minimal if, in 
addition, the space H' V r?^ is cyclic for U, that is, 

00 

^ = V u"{n'yTn). 

There exist minimal isometric couplings of {T',A}. To see this, let U be the 
operator on H' © H^{'Dt') © H^{T>a) given by the following operator matrix rep- 
resentation 



T' 
























Here iJp^, is the canonical embedding of Vt' onto the space of constant functions 
of H^{'Dt'), and Svr^, and 5*15^ are the unilateral shifts on H^{'Dt') and H^{T>a), 
respectively. Notice that the operator defined by the 2x2 operator matrix in the 
left upper corner of the matrix for U is the Sz.-Nagy-Schaffer minimal isometric 
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lifting of T'. Since Sva is an isometry, we conclude that U is also an isometric 
lifting of T' . Now let r be the isometry defined by 





A 




w 


T = 





: n 


HHVa) 




Ev^Da 





where -E-p^ is the canonical embedding of Va onto the space of constant functions 
of H'^{T>a)- Then {[/, r} is a minimal isometric coupling of {T', A]. 

Two isometric couplings {Ui on /Ci,ti} and {U2 on /C2,t-2} of {T' ,A} are said 
to be isomorphic if there exists a unitary operator 4' from ICi to /C2 such that 



In this case 
(3.1) 



Wi = C/2*, *Ti = T2 and */i = for aU h e W . 



iiiUiTi = U2T2. 



Minimality is preserved under isomorphic equivalence. Indeed, when the pairs 
{Ui on /CijTi} and {U2 on /C2,T2} are isomorphic isometric couplings of {T',A}, 
and from /Ci to IC2 is an isomorphism between the two isometric couplings, then 



?i=0 ri=0 

00 00 

= * V Ul'{{^*H') V ***Ti-H) = * V [/^(H' V TiH). 



n=0 



ri=0 



?i=0 



We say that an isometric coupling {U on JC,t} of {T',A} is special if is a 
Hilbert direct sum of the space H' , the space Va and some Hilbert space X, that 
is, JC = %' ® Va ® and the action of r is given by rh = Ah © DAh® 0, where is 
the zero vector in X . In other words, an isometric coupling {U on /C, r} of {T', A} 
is special if, in addition, Va is a subspace of AA, where Ai — ICqH', and t admits 
a matrix representation of the form 



A 

^h^DA 



n 



n' 

M 



The importance of special isometric couplings follows from Theorem 13.41 below. 
To prove this theorem we need a few auxiliary propositions. The first also settles 
the question of existence of special isometric couplings. 

Proposition 3.1. Every isometric coupling is isomorphic to a special isometric 
coupling. 

Proof. Let {U on /C, r} be an isometric coupling of {T', A], and put M. — ICqH' . 
Since r is an isometry and H-h'T = the operator r admits a matrix representation 
of the form: 



(3.2) 



A 
TDa 



n 



n' 

M 



where F : Va -> is an isometry; 



see Section IV.l of ^3j or Section XXVII.5 of [H]. Now let V = ImT, and put 
X — M. QV. Then V is closed, and we can view F as a unitary operator from Va 
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■Da 




V 




X 




X 



onto T). Define the unitary operator a by 

In- 

r 



Also define C/q = a*U(7 and tq = a*T. Then {Uq, tq} is a special isometric coupling 
of {T',A} which is isomorphic to {U,t}. □ 

Since minimality of isometric couplings is preserved under isomorphisms, and 
isometric couplings do exist (see the third paragraph of this section), the above 
proposition shows that any {T', A} admits a special minimal isometric coupling. 

Recall that an isometric lifting U of T' can always be represented (see (|1.2p ) in 
the following form: 



(3.3) U 



r 





on 


■ n' ' 




^2 . 


M 



where Y = [ Yi Y2 ] 



Vt' 
M 



M 



is an isometry. According to ()1.3|) this U also admits a matrix representation of 
the form: 



U 



U' 






ii 



it 



where 



Here U' on JC' is the minimal isometric lifting of T' associated with U (see Section[T]) , 
and U is an isometry on K.. We can now state the next proposition. 

Proposition 3.2. Let {C/, r} he an isometric coupling o/{T',A}, where U is de- 
termined by (|3.3p and r by (|3.2|) . Set V = ImF, where T is given by (|3.2|) . and for 

Y in p.3p consider the following operator matrix representation: 



(3.4) 



Y = 



" D 


C ' 




' Vt' ®V' 




■ V ' 


B 


Z 




X 




X 



where X ^ MQV. 



Then {U, r} is a minimal isometric coupling of {T', A} if and only if the pair {Z, B} 
is controllable. 

Proof. Since r is given by (13. 2p . the space H' © tV. is equal to H' (B T). Thus we 
have to show that T-L' (BT) is cyclic for U if and only if the pair {Z, B} is controllable. 
To do this we associate with U two auxiliary operators, namely 

] \ n' ' 

YiDt' Y2 M 



U ■ 



M 





Yi 





Y2 



Vt' 
M 



Notice that the range oiU — tj belongs to %' . Since %' C %' ®V, this implies that 
v.' is cyclic for U if and only if 7^' © P is cyclic for {7. By induction one proves 
that for n = 1,2,3,... we have 





Y^-^YiDj 







M 



M 













■ Vt' 


on 


M 



On the other hand 



Yl'-^YiDi 



V 



Y^-^Yi 



Vt' 
V 



1,2,3, 



and hence "H' © P is cyclic for U if and only if Vt' © I? is cyclic for M . 
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It remains to prove that Vt' ® P is cyclic for M if and only if the pair {Z,B} 
is controllable. Using F = [ Fi I2 ] and (13. 4|) . we see that 



M = 



D 
B 



C 
Z 



where D = n|,Z3 and C = nj,C with H-p equal to the orthogonal projection of 
Vt' © T> onto v. By employing Lemma 12.11 with U = y = Vt' © 2?, we see that 
Vt' ©2? is cyclic for AI if and only if the pair {Z,B} is controllable, which completes 
the proof. □ 

Proposition 3.3. Let {Ui on /Ci, ri} and {U2 on /C2,T2} be special isometric cou- 
plings of {T',A}. For j = 1,2 set Xj = ICj Q {W © Va), and let Y{j) be the 
isometry from Vt' © 'Da © Xj into Va © Xj corresponding to Uj via p.3p . Consider 
the following operator matrix representation 

Vt' © Va 



X, 





■ Va ' 


— 5- 





/orj = l,2. 



Then {Ui,Ti} and {U2,T2} are isomorphic if and only if {Zi, Bi,Ci, Di} and 
{Z2, B2,C2, D2} are unitarily equivalent realizations. 

Proof. Assume that {Zi,Bi, Ci, Di} and {Z2, B2, C2, D2} are unitarily equivalent, 
that is, Di = D2 and there exists a unitary operator W from Xi onto X2 such that 

(3.5) WZi = Z2W, WBi = B2 and Ci = C2W. 
Now let $ be the unitary operator from /Ci onto /C2 defined by 

' Iw 

(3.6) /p^ 

ly 

Then <f>/i = /i for all h 'mH' . Because {[/i, ti} and {U2,T2} are special, we see that 



(3.7) 

Hence <i>Ti 
at 









" H' ' 




Va 


— > 


Va 








X2 



A 




' W ' 




Da 


: n 


Va 


for j = 1,2 












T2. Using the appropriate operator matrix decomposition we arrive 





' Iw " 




r 










mi = 


Iv^ 








Ci 




w 








Zi 




r 



























WBJT^^Dt' 


WBiir^^ WZi 









(3.8) 



A similar calculation shows that 

r 

C/2$ = 



D2Ui, 



(3.9) 



Dt' 
B2lih^DT' 



r 

02^1, 

B2iih^ 



D2Tlh. 



B2n 



Dt' 
Dt' 



D2Tlh^ 
B2Tlh, 





C2 
Z2 



C2W 
Z2W 



Iw 











Iv. 











w 
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Because Di = D2 and p.Sp holds, we see that ^Ui — J72$- In other words, {J7i, n} 
and {U2,T2} are isomorphic. 

Conversely assume that {Ui, ti} and {C/2, T2} are isomorphic. Then there exists a 
unitary operator (f> from /Ci onto IC2 such that = h for all /i in H' and $ri = r2 
and ^Ui = U2^- Because ri and T2 admit matrix representations of the form 
presented in (|3.7p and Im Da is dense in Va, we see that = h for all h e I^a- So 
$ admits a matrix representation as in p.6|) where W is a unitary operator from 
rYi onto X2. By combining $J7i = J72$ with the matrix representations for $C/i in 
and 1/2'^ in (EH), we see that 

Di = D2, WZi = Z2W, WBi = B2 and Ci = C2T4^. 

Hence {Zi, Bi, Ci, Di} and {Z2, B2,C2, D2} are unitarily equivalent realizations. 
□ 

Theorem 3.4. Let {T' , A} be a pair of contractions, T' acting on %' and A from 
% into %' . Then there is a one to one map from the set of minimal isometric 
couplings of {T',A}, with isomorphic ones being identified, onto the Schur class 
S(Pa, T>t' ®T>a)- This map is defined as follows. Let {U, r} be a minimal isometric 
coupling of {T' , A\ , which may he assumed to be special, by Proposition 13.11 Define 

(3.10) F{u,r}{\) = nv^,BV^Y*{lM - \J'xY*r^n*j,^, 

where Y is the isometry uniguely determined by U via (|3.3p . X = A4 Q T^a, and 
J'^ is the partial isometry from Dt' © Da (B X to Da © X given by 




Ix 



Dt' ® Da 
X 



Va 
X 



Then {?7, t} i-t- ^{[/,r} the desired map. 

Proof. We know from Proposition 13.11 that every isometric coupling is isomorphic 
to a special one. So without loss of generality we can assume the isometric couplings 
to be special. 

From Proposition 13.21 and Section [1] it is clear that there is a one to one cor- 
respondence between the special minimal isometric couplings of {T',A} and the 
isometrics Y mapping the space Dt' ® Da ® X into Da ® X, where X is some 
Hilbert space and the pair {n;!^^]!^, n;)^!^]!^,^^^^,^ } is controllable. In fact, this 
one to one correspondence is provided by p.3|) . Furthermore, formula p.4|) estab- 
lishes a one to one correspondence between the isometrics Y mapping the space 
Dt' ® Da © X into Da © X and the isometric realizations 

{Z,B,C,D-X,Dt'®Da,Da]. 

and in this one to one correspondence Z = lixYIi*^ and B ~ TixYIi'^^^^^^. 
From Theorem I2.2l we know that there is a one to one correspondence between the 
controllable isometric realizations, with the unitarily equivalent ones being iden- 
tified, and the S(X't' © 'Da^T^a) Schur class functions. Next, note that the map 
G ^ F, where F{\) = G(A)*, is a one to one map from S(Dt' © T^a-,T^a) onto 
S{Da: Dt' © Da). Following up all these one to one correspondences and using the 
results of Section [5] we see that the map from a special minimal isometric coupling 
{[/, r} to F is given by F = F^u^^y To complete the proof, it remains to apply 
Proposition (331 □ 

We conclude this section with a lemma that will be useful in the next section. 
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Lemma 3.5. Let {Ui on /Ci,ti} and {U2 on /C2,T2} be isomorphic isometric cou- 
plings of {T',A}, and let V on %' ® H^{T>t') be the Sz.-Nagy-Schdffer minimal 
isometric lifting of T' . For j = 1,2 let (f>j be the unique isometry associated with 
T' intertwining V and Uj . Then 

Proof. Let 4* from ICi to IC2 be an isomorphism from {Ui,ti} to {U2,T2}. Define 
6 from H' © H^{Vt') into JCi by setting 8 = ^*^2- Then 8 is an isometry, 
&h = **$2/i = = h for aU h e n', and 

So, by Theorem 11.11 (see also the last paragraph of Section [T]), the operator G is 
the unique isometry associated with T' intertwining V and Ui, that is, 8 = <i>i. It 
follows that $1 = **$2, and hence $|ti = $2*ri — $2'^2, which completes the 
proof. □ 



4. Main theorem for the case when R*R — Q*Q 

In this section {A, T\ V, R, Q} is a hfting data set, with V on H' ®H'^{Vt') being 
the Sz.-Nagy-SchafFer minimal isometric lifting of T'. In particular, T'AR = AQ 
and R*R < Q*Q. Recall that B from n into TL' ® H'^{Vt') is a contractive 
interpolant for {A,T' ,V, R,Q} if i? is a contraction satisfying H-h'B = A and 
VBR = BQ. 

Our aim is to prove Theorem 10.11 assuming that R*R = Q*Q. First let us 
reformulate Theorem 10. II for this case. For this purpose note that for R*R = Q*Q 
the spaces T and J^' defined by (|0.2p are given by 



J" = DaQHo and J"' = 



Dt'AR 
DaR 



Observe that T C Va and 7^' C 2?t' ffi I'a- Furthermore, the unitary operator uj 
mapping J' onto 7^' in (|0.3|) is now determined by 

Dt'AR 
DaR 



(4.1) uj{DAQh) = 

The following is the main result of this section 



h, /i G Hq. 



Theorem 4.1. Let {A, T', y, R, Q} be a lifting data set, where V on 'H'®H'^{Vt') is 
the Sz.-Nagy-Schdffer minimal isometric lifting ofT', and assume that R*R — Q*Q. 
Then all contractive interpolants B for {A,T' ,V, R,Q} are given by 



(4.2) 



Bh = 



Ah 

IIt'F{X){L - XIlAF{X))-^DAh 



hen, 



where F is any function in S(T)a, T^t' ® T^a) satisfying F(0)|J^ = w. Here ui is the 
unitary operator defined in (|4.ip while IIt' and X\.a are the projections given by 



Ut' = L 



■Da 



Ha=[0 I] 



Vt' 
■Da 



^Va. 



The proof of the above theorem will be based on a further refinement (which we 
present in two propositions) of the theory of isometric couplings presented in the 
previous section. In fact, to obtain contractive interpolants for {^4, T', V, R, Q} we 
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shall need isometric couplings {U, r} of {T', A} satisfying the additional intertwin- 
ing relation UtR ~ tQ. This is the contents of the first proposition (Proposition 
14.21 below). The existence of such couplings is guaranteed by the second proposi- 
tion (Proposition 14.31 below) , which is based on Theorem 13.41 In the sequel, for 
simplicity, we shall write V for the space H' ® H'^{Vt')- 

Proposition 4.2. Let {A, T', V, R, Q} be a lifting data set, with V on V being the 
Sz.-Nagy-Schdffer minimal isometric lifting of T' , and assume that R*R = Q*Q. 
Let {U on /C,t} he an isometric coupling o/{T', A} satisfying UtR = tQ, and let 
$ he the unique isometry from V into JC associated with T' intertwining V with U . 
Then 

(4.3) B = $*r 

is a contractive interpolant for {A, T', V, R, Q}, and all contractive interpolants for 
this data set are obtained in this way. More precisely, if B a contractive interpolant 
for {A,T' ,V, R,Q}, then there exists a minimal special isometric coupling {U,t} 
of {T', A} such that B = $*t and UtR = tQ. 

Proof. First let us show that B defined by (|4.3p is a contractive interpolant for the 
data set {A,T' ,V, R,Q}. Obviously, i? is a contraction. Put JC' = Im$. Recall 
(see Section [Ij that $$* is the orthogonal projection of K, onto /C'. From Theorem 
11.11 we know that /C' — Vn>o U"''H' is a reducing subspace for U. It follows that U 
commutes with Since $*$ is the identity operator on V = H' ® H'^{Vt'), we 

obtain 

VBR = $*[/$($*r)i? = $*(C/$$*)ri? = $*$$*J7Ti? = $*tQ = BQ. 

Thus _B is a contractive interpolant for {A, T', V, R, Q}. 

To prove the reverse implication, assume that i? is a contractive interpolant. We 
have to construct a minimal special isometric coupling {U,t} of {T',A} satisfying 
UtR = tQ such that B is given by (|4.3p . Since i? is a contraction, we may consider 
the subspaces 

J" = DbRT-Lq and P = DbQHq- 

Using VBR = BQ with R*R ~ Q*Q, and the fact that V is an isometry, we see 
that for each h £ Ho we have 

PsQ/if = WQhf ~\\BQh\\^ ^\\Rh\\'' -\\VBRh\\^ 
= \\Rh\\^ ~\\BRh\\^ ^WDeRhW^. 

Hence there exists a unique unitary operator uj from J- onto J-' such that ujDbR = 
DbQ- Next, define the subspaces 

g^VBQT and =25^6 J"'. 

Notice that Vb ~ J-' ® G and T)b — ® Q' ■ Thus cj defines a partial isometry Q, 
on Vb as follows: 



'Co ■ 








■ P ' 







. g . 


-> 





Observe that Pji coincides with Q. Define Vh to be the Sz.-Nagy-Schaffer minimal 
isometric lifting of 17 on Vo — T>b (B H'^{Q). Thus Vh has the following operator 
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matrix representation 



Vn = 



UJ 














Sr. 





f 








Q 




Q' 











Here Eg is the canonical embedding of Q onto the space of constant functions in 

H^{Q), and Sg is the unilateral shift on the Hardy space H^{Q). Since Vh is a 

minimal isometric hfting of fi, we have Vn = Vb ® H^{G) — Vi^o ^n^B- Now, 
put 



(4.4) 



(4.5) 



Un = 



' V 







V 







on 





B 



n 



V 
Vn 



Since V on V = H' ® H^{T>t') is an isometric lifting of T', the operator Un is an 
isometric lifting of T', and A = H-^'Tn- It follows that {Un,Tn} is an isometric 
coupling of {T', A}. Notice that WrnH ~ V(BT>b- Because H' is cyclic for V and 
T>B is cyclic for Vn, the reducing decomposition of Un in (|4.4p shows that H' WrnH 
is cyclic for Un- In other words, the isometric coupling {Un,Tn} is minimal. Since 
VBR — BQ, the construction of Un and rn implies that 



(4.6) 



UnTnR^TnQ and B = EyTn. 



Indeed, for h e T-ln we have 



UnmRh - 



' V 







BRh 




VBRh 





Vn . 




DbRH 




VnDBRh 



However, DbRHq C T, and hence VnDBRh = ujDBRh = DbQIt,, which follows 
from the definition of Cj. Since, by assumption, VBRh = BQh, we see that 



UnmRh 



BQh 
DBQh 



TnQh, 



which proves the first identity in (|4.6p . The second is clear from the definition of 
Tn- 

From the construction of Un it follows that the unique isometry $si associated 
with T' that intertwines V with Un is equal to Hy, where Hy is the orthogonal 
projection of V ® Vn onto V. This together with the second identity in (I4.6P yields 

(4.7) B = UvTn = <i>*nTn. 



By Proposition 13.11 and the fact that minimality of isometric couplings is pre- 
served under isomorphisms, there exists a minimal special isometric coupling {[/, r} 
of {T'.A} which is isomorphic to {Un, Tn}- Using Lemma [5751 and formula (|4.7p we 
obtain B = $*t, where $ is the unique isometry associated with T' that intertwines 
V with U. 

It remains to prove that UtR — tQ. Let ^' be the isomorphism that trans- 
forms {Un,Tn} into {U,t}. In particular, ^Ptq = r. Moreover formula p.ip yields 
^'C/oTo = Ut. Since UnmR = mQ, it follows that UtR = ^UnntR = "^ntQ = 

tQ. a 
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Proposition 4.3. Let {A,T' ,V, R,Q} be a lifting data set. Assume that R*R = 
Q*Q, and let lj he the unitary operator defined in (14. ip . Consider a minimal special 
isometric coupling {U, r} of {T', A\, and let F{u,t} ^£ function in the Schur class 
SiVA,VT' ®Va) defined by (^111)1 . Then UtR'^tQ if and on/y (0)| J" = w. 

In particular, there exists a special isometric coupling {U, r} of {T', A} satisfying 
UtR = tQ. 

It will be convenient first to prove the following lemma. 

Lemma 4.4. Let {A, T', U' , R, Q} be a lifting data set satisfying R*R = Q*Q. Let 
{U,t} be a special isometric coupling of {T',A}, and consider its operator matrix 
representation of the form 



(4.8) U = 


T' 




■ H' ' 


YiDt' Y2 


on 


M 


is an isometry. Then UtR 


--tQ 


if am 



where Y = [ Yi Y2 ] 



M 



M 



Proof. Since the coupling is special, the space T>a is a subspace of M and 



A 

^*v^Da 



n 



It follows that for h in Ho, we have 
T' " " 



UtRH 



YiDt' Y2 



ARh 
DaRH 



n' 

M 



T'ARh 
YiDT'ARh + Y2DARh 



Y 



AQh 
Dr'ARh 
DARh 



UtR = tQ 



Y 



h = DaQH, he Ho 



Thus 

" Dt'AR 
DaR 

Since Y is an isometry, we see that UtR — tQ if and only if KjJ^' is a unitary 
operator from onto J- with the same action as tu* . Because of the uniqueness of 
w, this proves the lemma. □ 

Proof of Proposition 14. 3i Let Y be the isometry determined by the operator 
matrix representation for U in (|4.8p . and set F — F^u ^y From Lemma [4.41 we 
know that UtR — tQ if and only if — oj*. Thus we have to show that 

(4.9) F{0)\T = uj <=^Y\T' = uj*. 

By consulting (|3J0l) we see that F{0) = ni,^,e-D^F*n^^ 
I't' © T>A allows us to view w as an isometry from T into 2?t 
it follows that the first condition in (|4.9p is equivalent to 



The fact that J"' C 
)Va. Since J" C Pa, 



Y*\T = 



1 



Vt' © Va 
X 



where 7 is some operator from F into X . However, uj is an isometry and Y* \F is 
a contraction. This implies that 7 = 0. We conclude that the first condition in 
()4.9|) is equivalent to y*|J^ = oj. By taking adjoints, and using that w is a unitary 
operator from F onto J^', we see that the same holds true for the second condition 
in (ESI). 
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Finally, for each A G D define the operator F{X) from Va into T>t' (BVa by setting 
F{X)d — LjUjrd for d G Va- Here Iljr is the orthogonal projection of Va onto J^. 
Then F belongs to the Schur class S{Va, T>t' ©X'a)- Hence, by Theorein l3.41 there 
exists a minimal special isometric coupling {[/, r} of {T' , A} such F = F^jj .^y Since 
i^(0) I J" = w, we conclude that C/ri? = rQ. ' □ 

Proof of Theorem 14. li We split the proof into two parts. 

Part 1. Assume that i? is a contractive interpolant for the data set {A, T', F, R, Q}. 
Since R*R = Q*Q, we know from Proposition 14.21 that there exists a (minimal) 
special isometric coupling {U on K,, r} of {T', A} such that UtR = tQ and B = 
<i>*T, where $ is the unique isometry from V — H' ® H^{Vt') into K, associated 
with T' intertwining V with U. Now write 

U = 

where A4 — JCqT-L' . Since {U, r} is special, we have Va C A^, and 

A 

^*v^Da 

The identity B = $*r and the formula for $ in Theorem 11.11 show that B 
A © A*H|,^£'a, where 

(A*m)(A) = Yi*(/-Ar2*)"\ meM and A e D. 

It follows that 

Ah 



r 





on 


■ n' ' 


YiDt' 


^2 


M 



n 



H' 
M 



Bh 



'Ui^DAh 



h&n. 



To obtain the expression for B given in (|4.2p we apply Proposition l2.3l with V — Va 
and V = Vt'- It follows that (gSl) holds with F e S{Va,Vt' ®Va) given by 

F{X)=Uv^,(sv^Y*{Im-XJ'xY*)-\ AeD. 

Here X = MBVa, the operator IIx>j,,(bVa is the orthogonal projection of Vt' ® A4 
onto Vt' ® I'a, and 



Vt' 
M 



M, Y=[Y, Y2] 



Vt' 
M 



M. 



In other words, using the terminology introduced in Theorem 13.41 we have F = 
F{u.t}- Since UtR — tQ, Proposition l4. 31 shows that F{0)\J' — oj, which completes 
the first part of the proof. 

Part 2. Let F be any function in S{Va,Vt' © Va) satisfying ^(0)17" = w. We 
have to show that B defined by ()4.2p is a contractive interpolant for the given data 
set. According to Theorem 13.41 there is a minimal special isometric coupling {U,t} 
of {T',A} such that F = F^u^^y, where J^jt/.r} is defined by (pHT)) . The fact that 
F{0)\T^uj yields UtR = tQ\ by Proposition gSl 

Since B is given by (|4.2p . we can use Proposition 12.31 (with V — Va and 
V — Vt') and Theorem 11.11 to show that B — $*r, where $ is the unique isom- 
etry associated with T' intertwining V (the Sz.-Nagy-Schaffer minimal isometric 
lifting of T') with U. This allows us to apply Proposition 14.21 to show that i? is a 
contractive interpolant. □ 
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5. Proof of the first main theorem 



In this section we shall prove Theorem 10.11 The proof will be based on the 
analogous result for the case when R*R — Q*Q, which was proved in the preceding 
section, and on Proposition 15.11 below, which allows us to reduce the general case 
to the case when R*R = Q*Q. 

Throughout this section {A,T' ,V, R,Q} is a lifting data set with V being the 
Sz.-Nagy-Schaffer minimal isometric lifting of T'. As before, put Do — DoHq, where 
Do is the positive square root of Q*Q — R*R. Introduce the following operators: 



Ro 



V 



A 


R 

Do 









n 






T' = 

' o 


■ r 


■ 


on 


■ H' ' 






— > 










^0 



n 

Vo 



Qo = 



Q 





n 



r 













H' 


















Evj,, Dt' 





Svj,, 





on 


H\Vt') 















Here E-p^, and E-d^ are the canonical embeddings of Vt' and 2?o onto the spaces of 
constant functions of H'^(T>t') and iJ^(2?o), respectively, and S-Dj., and St>a are the 
forward shifts on H'^{Vt') and H^{Va), respectively. Identifying H'^{Vt'®Vo) with 
H^(Vt') © H'^iVo) it is straightforward to check that V is the Sz.-Nagy-Schaffer 
minimal isometric lifting of T^, and that the quintet 

(5.1) {^o,r^,i>,i?o,go} 

is a lifting data set satisfying i?*i?o ~ QlQo- 

Proposition 5.1. IfBfromH®Vo toW ®Vo®H'^{Vt')®H'^{Vo) is a contractive 
interpolant for the data set (|5.ip . then the operator B from H to H' (B H'^{'Dt'), 
defined by 

(5.2) B = Iln'^m^v^,)BIl*^, 

is a contractive interpolant for the data set {A,T,V, R,Q}, and all contractive 
interpolants for {A, T, V, i?, Q} are obtained in this way. 



Proof. Let B be a contractive interpolant for the data set (|5.ip . Then B is of the 
following form 



(5.3) 



where 



B = 



A 


TiDa 
T2DA 










H 



Moreover, VBR^ = BQc 
In other words 

B 



n' 

Vo 

H^iVo) 



is a contraction. 



Now, using this B, let B be the operator defined by 



A 
TiDa 



n 
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By virtue of VBRo — BQo it follows that 

r 









AR 




AQ 




TiDaR 




TiDaQ 



Thus _B is a contraction, A — H-h'B and VBR = BQ, that is, i? is a contractive 
interpolant for the data set {A, T', V, R, Q}. 

Next, let B from H to V = TL' (B H^{'Dt') be an arbitrary contractive interpolant 
for the data set {A, T', V, R, Q}. We have to show that B is given by (|5.2p . where 
13 is some contractive interpolant for the data set (15.11) . In fact, from (15. 3|) we see 
that it suffices to find a contraction F from Vb into H^{T>o) such that the operator 
-B, given by 



(5.4) 



B 



B 










TDb 






■H 



V 



satisfies the intertwining relation WBRo — BQo, where W is the operator which 
one obtains by interchanging the second and the third column and the second and 
third row in the operator matrix for V. Put 



(5.5) 



Bo = 



' B ■ 




n 




V 


, Vo = 


■ V 


" 




V 


. /p„ 




^° 


— s> 


Vo 








on 





Since VBR = BQ, we have VoBoRo = BoQo- Now, notice that Bo = B (B Ivo 
is a contraction. Furthermore, Vo is a partial isometry, and the Sz.-Nagy-S chaffer 
minimal isometric lifting of Vo is equal to W. Thus 



(5.6) 



{Bo,Vo,W,Ro,Qo} 



is a lifting data set. Since R*Ro — QtQo, we know from Theorem 14.11 that the data 
set (|5.6p has a contractive interpolant B. By identifying the spaces 

n' ®Vo®H^{Vt')®H^{Vo) and W ® H'^iVr') ®Vo ® H'^{Vo). 

one sees that this operator B is also a contractive interpolant for the data set (|5.ip , 
and from (|5.4p it follows that with this choice of B the identity (|5.2p holds. □ 

Proof of Theorem 10.11 We split the proof into two parts. 

Part 1. Let _B be a contractive interpolant for the data set {A, T', V, R, Q}. Then 
B is of the form (|5.2p for some contractive interpolant B for {Ao,To,V, Ro,Qo}- 
Since i?*i?o = QtQo, we can use Theorem 14.11 to find a formula for B. To write 
this formula, we need the subspaces 



Dt'^AoRo 
d\Ro 



To^Da^QoT-Lo and T'o 
and the unitary operator ujo from To onto J-'o given by 

UJqDa^Qo 

In this setting. 



"Ho, 



Dt^AoRo 
d\Ro 



(5.7) 







and Dt' 



Dt' 
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A straightforward computation shows that 



DaQ 




■Ho 



n 



DaoQo 



and 



Dt'^AoRo 
DaRo 



By interchanging in the last column the first two coordinate spaces and identifying 
the vector cc © with the vector x, we see that 



" Dt'AR ' 




" W ' 


Do 


■■-Ho ^ 




DaR 


n 







Vo 



(5.8) 



7^0= J": 



T' = T' and 



where the subspaces J- and T' and the unitary operator w are defined in Section 
O Let us now apply Theorem 14. II to B. It follows that 



(5.9) 



Bx 



A^qX 



IlTiFo{X){lv.^-XnA^FoiX)) Da 
where Fo G S(X'a„,2?t^ ® Va,) satisfies Fo(0)|J'o = ^o- Here 





n 




. ^0 _ 



Ut> = [I ] 



Vt' 

o 

Va. 



Vt' and = [ / ] : 



Vt' 

Va. 



^Va^. 



From (j5.7l) we see that we can identify in a canonical way Va^ with Va, and 2?^' 
with Vo © I't' • This together with (|5.8[) shows that we can view Fo as a function 
F from the Schur class S{Va,Vo ffi Vt' © Va) satisfying F{Q)\F = l^J and 
(5.10) 

r A/i 

/i 1 _ do 

do J ^ TIt'F{\){I ~ XIlAF{\))-'^DAh 
ni3„F(A)(/-AnAF(A))-ii?A/i 



h 




n 


do 


e 





Here Hy and H^ are the projections given by (|0.4I) and 
Hi5„ = [ / ] 



Vt' 
Va 



Vo. 



Since i? is obtained from B via (|5.2p . we conclude that i? has the desired form 
(1031). 



Part 2. The reverse implication is proved in a similar way. Indeed, assume that 
B is given by dH^, where F G S(2?a, © Vt' ffi I?a) satisfies F(0)| J" = lu. Using 
the identifications made in the first part of the proof, we can view _F as a function 
-Fo G S{VaojVt^ ffi Va^) satisfying ^0(0)17^3 = uio- But then we can use Theorem 
14.11 to show that B defined by (|5.9p is a contractive interpolant for the data set 
{Ao, T^, V", i?o, Qo}. Since B is also given by (I5.10p . we conclude that B and B are 
related as in (|5.2I) . Thus Proposition 15 . II implies that i? is a contractive interpolant 
fov {A, T',V,R,Q}. □ 
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6. Parameterization and uniqueness of solutions 

In this section we prove the second main theorem (Theorem I0.2|) . As a conse- 
quence of this theorem we obtain conditions on the hfting data set {A, T', V, R, Q} 
guaranteeing that the parameterization in Theorem 10.11 is proper, that is, con- 
ditions on {A,T' ,V, R,Q} implying that for every contractive interpolant B for 
{A,T',V,R,Q} there exists a unique F in S{Va,Vo ®Vt' ®T)a) with F{0)\T = uj 
such that B — Bp. Here Bp is the contractive interpolant for {A, T', V, R, Q} pro- 
duced by the Schur class function F from S(2?a, ^^o ® Vt' ® Va) with F{0)\T = uj 
as in Theorem lO.il that is. 

Ah 

IlT'FiX)iIv^ ~ XnAF{X))-^DAh 

We shall also present conditions on {A,T\V,R,Q} implying the existence of a 
unique interpolant for {A, T', V, R, Q}. 

To shorten the notation in this section we define 

(6.2) V = n' ®H^{Vt') and V ^ U' ®Vo ® H'^{Vt') ® H'^iVo). 

Also, for a given contractive interpolant B for {A, T', V, i?, Q} we define the spaces 
Fb and F'g by 



3.1) Bph 



hen. 



(6.3) Fb = DbQI-Lo and Fg = 



Do 
DbR 



Notice that Qb and Q'^ in (|0.6p are then given by 

(6.4) gB=VBQ Fb and G'b ^ {V^ ®Vb) Q F'b. 

With the above notation and definitions we can reformulate Theoreml0.2las follows. 



Theorem 6.1. Let {A, T', V, i?, Q} he a lifting data set with V the Sz.-Nagy- 
S chaffer minimal isometric lifting of T' , and let B be a contractive interpolant 
for the data set {A,T',V, R,Q}. Then there exists a one to one mapping from the 
set of all F in S{Va,Vo®Vt' ®Va) with F{{))\F = uj such that B = Bp onto the 
Schur class S{Qb,Q'b) j with Qb and Q'g as in (16. 4p . 



For the proof of Theorem l6.1l it will be convenient to first prove two lemma's. Let 
{Ao, Tq, V, Ro,Qo} be as defined in Section[5l Given a contractive interpolant B for 
the data set {A,T' ,V, R,Q}, we let Bo and Vo be the operators defined by (|5.5p . 
Furthermore, as in the previous section, we define W to be the operator which 
one obtains by interchanging the second and the third column and the second and 
third row in the operator matrix for V. Recall that both {Ao,T^,V, Ro,Qo} and 
{Bo,Vo,W,Ro,Qo} are lifting data sets. From the construction of W from V we 
see that both W and V are minimal isometric liftings of both and Vo . 

Lemma 6.2. Let B be a contractive interpolant for {A, T' , V, R, Q} and let the 
pair {U on /C,t} be an isometric coupling of {Vo, Bq}. Then 

(i) the pair {U,t} is an isometric coupling of {T^, Ao}; 

(ii) the pair {U,t} is minimal as an isometric coupling of {Vo, Bo} if and only 
if {U,t} is minimal as an isometric coupling of {T^, Ao}; 

(iii) the operator U is an isometric lifting of both T' and T^; moreover, ^u.T' is 
the canonical embedding of V into JC, and ^u^t^v = v for all v G V; 

(iv) the contractive interpolant B — IIv^^ji/Tn^. 
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Furthermore, two isometric couplings {Ui,ti} and {U2,T2} of {Vo,Bo} are iso- 
morphic as isometric couplings of {Vo,Bo} if and only if they are isomorphic as 
isometric couplings of {T^, Ao}. 

Proof. First remark that K, can be decomposed as V © © 7W for some Hilbert 
space A4. Relative to this direct sum decomposition the operators U and r admit 
operator matrix representations of the form 
(6.5) 

V 
M 





' V 





" 




V 




" B 





u = 











on 




and T = 


















M 










n 



where * represents operators which are not specified any further. 

(i) Because V is an isometric hfting of T' and U is an isometric hfting of V, as we 
can see from (16.51) . we obtain that U is an isometric hfting of T'. From (|6.5p we 
can immediately see that U also is an isometric lifting of the zero operator on Do- 
Hence U is an isometric lifting of T^. Since r is as in (|6.5p and Il-^'B — A, we see 
that U-H'^-D^T — Ao- So {U,t} is an isometric coupling of {Tl^,Ao}. 

(ii) Assume that {U,t} is minimal as an isometric coupling of {Vo,Bo}, and thus 
that the space (V © 2?o) V r(H © Po) is cychc for U. 

Notice that in general we have for every operator W on a Hilbert space C with 
U and y subspaces C that 

oo oo oo 

y w"{u V = ( Y wu) V ( y w'"y). 

n—0 n— n— 

Applying this with U in (|6.5p . the fact that F on V is a minimal isometric lifting 
of T' and the fact that (V © Po) V r(H © 2?o) is cychc for U yield 

OO 

IC = y U"{{V(BVo)\/t{H(BVo)) 

oo oo 

= {\/ u"V)w iy u"{VoyT{n(BVo))) 

oo 

= VV(\/ [/"(Po VrCH©2?o))) 

oo oo 

= {y uiv"n')\/{y u'^iVoVTiHeVo))) 

oo oo 

= {y u''n')y{y u"{VoyT{H®Vo))) 

n=0 n=0 
oo 

= y u"{{n' ®Vo)yT{H®v^)). 

ri=0 

Hence {H' © Vo) V t(H © 2?o) is cyclic for U, and thus {U,t} is minimal as an 
isometric coupling of {T^, Ao}. 

Conversely, assume that {U,t} is minimal as an isometric coupling of 
{T^, Ao}. In other words, (H' © Po) V T{n © Po) is cyclic for U. Note that H' is a 
subspace of V and hence (H'©2?o) Vt('H©2?o) is a subspace of (Vffil^o) Vr(?^©2?o). 
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This imphes that (VffiX'o) Vr('H0X'o) is cychc for U as welL Thus {U, r} is minimal 
as an isometric couphng of {^4,-Bo}• 
(iii) We aheady showed, in (i), that U is an isometric Ufting of both T' and T^. 
From (|6.5I) we see that V is the minimal isometric lifting of T' associated with U 
and thus, using the remark in the final paragraph of Section [TJ we obtain that 

Because $[/,t^ is the unique isometry associated with that intertwines V with 
U, we see that the isometry $[/,T^ny satisfies ^u,T^^\>h = h for all h ^ H' and 

t/$c/,T^nt, = ^u.T^vn*^ = <i>u,TiiivV. 

Hence ^j/^T^Hy is the unique isometry associated with T' that intertwines V and 
U. Thus for all w G V we have 

^U,T;^V — ^jy^T^HyU = ^iJ^T'V = V. 

(iv) In the proof of (iii) we saw that ^c/^T^Hy = ^u.T' — Hy. Hence from (|6.5p we 
obtain that 

B = Hvth;^ = Hv^^^t^th;^. 

It remains to prove the final statement of the lemma. For this purpose, let 
{Ui on ICi,Ti} and {U2 on IC2,T2} be isometric couplings of {Vo,-Bo}- 

First assume that {Ui,Ti} and {U2,T2} are isomorphic as isometric couplings of 
{Vo,Bo}. We can immediately see from the definition of an isomorphism and the 
fact that H' ®Vo is a subspace of V ® Po, that every isomorphism from {J7i,ri} 
to {L/2, ''"2} as isometric couplings of {Vo, Bo} also is an isomorphism from {C/i, ri} 
to {U2tT2} as isometric couplings of {T'^.Ao}. Hence {Ui,ti} and {L/2,T2} are 
isomorphic as isometric couplings of {T^,Ao}. 

Conversely, assume that {/7i,ti} and {f/2,r2} are isomorphic as isometric cou- 
plings of {T'^.Ao} and that ^ is an isomorphism from {[/i,ti} to {?72,T2}. Then 
^Hy is an isometry from V to /C2 with ^Hy/i = h for each ft, G "H'. Since V is the 
minimal isometric lifting of T' associated with Ui , we obtain 

C/2«'H^ = *[/iH^ = *H^K 

Thus with (iii) we see that 

^-Ht^^^c/^T' -H{,. 

Since ^ is an isomorphism between isometric couplings of {T'^.Ao}, the operator 
^I* is the identity on H' © 2?o- In particular, ^Pd = d for each d ^ T>o. Hence ^' also 
is an isomorphism from {C/i, ri} to {U2,T2} as isometric couplings of {Vo, So}- D 

Lemma 6.3. Let B be a contractive interpolant for the data set {A, T', V, i?, Q}, 
and let {U on ]C,t} be an isometric coupling of {T^, Ao} such that 

B = Hv^^/.t^tH;^. 

Then there exists an isometric coupling {U,f} of {T^, Ao}, isomorphic to {U,t}, 
such that {U,f} also is an isometric coupling of {Vo, Bo}- 

Proof. From the remark in the last paragraph of Section [T] we can conclude that 
^u,Ti, — ^'fc'^U',T^ , where U' on K.' is the minimal isometric lifting of associated 
with U. Since U' is minimal and V is the Sz.-Nagy-Schaffer minimal isometric lifting 
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of T^, we see that the unique isometry ^u',T' associated with that intertwines 



* = 









Iw 



W to /C, where W 


= /Ce/C', by 




V 




■ /c' ■ 






W 




W 





Then ^' is a unitary operator with ^a: = x for all x € T-L' (B "Do- So the operators 
U = '^*U^ and f — form an isometric coupling {C/,f} of {T^,Ao} that is 
isomorphic to {[/, r}. 

Since ^u',t^ intertwines V and U', we obtain that V is the minimal isometric 
lifting of Tq associated with U. Recall that V also is an isometric lifting of Vo- 
Hence U is an isometric lifting of Vo . 

Because V is the minimal isometric lifting of associated with U, we have 



U,T' 



n^. Since {U,f} and {U,t} are isomorphic, Lemma 13.51 implies that 



Note that II^'Q-p^f = Ao, and thus, since both f and ylo|Po are isometrics, we get 
that nv©r)„f = Bo- Hence {[/, f} is an isometric coupling of {Vo, i?o}- □ 

Proof of Theorem 16. 1[ Let be the set defined by 

(6.6) SB={Fe S{Va,Vo®Vt' ®Va) \ i^(0)| J" = w and B = Bp}- 

We have to show that there exists a one to one mapping from onto S{Qb, G'b)- 
By applying Theorem 13.41 to the pair {T^,Ao} and Proposition 14. 31 to the lifting 
data set {Ao,T^,V, Ro,Qo}, and using the identities in (j5.8p . we obtain that the 
mapping 

(6.7) {U,r}^F^u.r} 

given by Theorem 13.41 is a one to one mapping from the set of (equivalence classes 
of) minimal isometric couplings {U, r} of {T^, Ao} satisfying UtRo — tQo onto the 
set of aU functions F 6 S(2?a,2'o © 2?t' © T^a) satisfying F{0)\J' lu. Moreover, 
from Proposition l4.2l and Proposition 15. 11 applied to {Ao, T^, V, Ro, Qo}, we obtain 
that the mapping (j6.7p maps the set of (equivalence classes of) minimal isometric 
couplings {U,t} of {T^,Ao} satisfying UtRo = tQo and B = Hv^^j^/tHI^ onto 
the set S_B defined by (|6.6|) . 

Then, using Lemma 16.21 and Lemma 16. 3[ we obtain that there exists a one to 
one mapping from Ss onto the set of (equivalence classes of) minimal isometric 
couphngs {U,t} of {Vo,Bo} satisfying UtRo ~ tQo- 

Note that, because B is a contractive interpolant for {A,T' ,V, R,Q} and thus 
VBR = BQ, we have that {B, V, V, R, Q} is a lifting data set, and that the lifting 
data set {Bo,Vo,W,Ro,Qo} is constructed from {B,V,V,R,Q} in the same way 
as we constructed {Ao,T^, V, -Ro, Qo} from {A, T', V, R, Q} in Section^ Moreover, 
since V is an isometry and thus Vy — {0}, we get that Tb and J^'b in (|6.3p 
correspond to {B,V,V, R,Q} as J" and J"' correspond to {A,T' ,V,R,Q}. Hence 
there exists a unique unitary operator ub from J-b to J-'g defined by 

Do 



ujbDbQ = 



DbR 



By again applying Theorem 13.41 Proposition |4?3] and the identities in ()5.8p . but 
now to the pair {Vo, Bo} and the lifting data set {Bo, Vo,W, i?o, Qo}, we obtain that 
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there exists a one to one mapping from the set of (equivalence classes of) minimal 
isometric coupHngs {U,t} of {Bo,Vo,W , Ro,Qo} satisfying UtRo = tQo onto the 
set of all functions H G S(2?b, Poffi^^s) satisfying H{0)\Tb = ojb- Thus there exists 
a one to one mapping from onto the set of all functions H G S(2?s,X'o © T^b) 
satisfying H{0)\Tb = i^B- 

For each H G S{T>b,T>o © T>b) we have that H{Q)\Tb = if and only if there 
exists a (unique) G in S((?b,C/^), with Qb and Q'^ as in (|6.4p . such that 



i/(A) 



ujb 




■ :fb ' 




■ -^^ " 


G(A) 






— > 





A G 



Hence there exists a one to one mapping from the set Sb onto S{Qb, G'b)- 



□ 



In fact, in the proof of Theorem 16. II we do not only show that there exists a one 
to one mapping from the set of F in S{Va, Vo © Vt' © Va) with F{Q)\F = w such 
that B = Bp onto S{QbtQ'b)^ but we actually indicate how such a mapping can 
be constructed. To be more specific, the construction in the reverse way goes as 
follows. 

Assume that G is a Schur class function from S(C?b, ^/^), with B some contractive 
interpolant for {A, T', F, i?, Q}. Define H G S{Vb,Vo ®Vb) by Then H 

satisfies H{{))\Fb = w^, and thus from Section [2] we obtain that there exists an 
isometry M from Po © © to X's © 3^, for some Hilbert space y, such that 



H{\) = ni,„ecBM*(/i,^eJ' - \J*yM*)-^IV^ 
where M satisfies the controhabihty type condition 

oo 

(6.9) y = n^; V {JyMY 

n=0 

Here Jy is the partial isometry given by 

Jy = 



Vo®Vb 
{0} 



and 



A g: 



M\T'b = i^*B- 



' 







■ Vb ' 













y 




y 



Notice that because Vo and Bo are as in (|5.5p we obtain that Dy^ 
Db„ = Db and Vb^ — Vb^h- Thus we can define 



U 



Vo 

M\Vonv^ 





M\{VB®y) 





V© 


Vo 


on 




®y _ 



and 



n: 



Bo 

DbIVh 



■.n®Vo 



V®Vo 

VB®y 



Then {U , f} is a special isometric coupling of {Vo, Bo}. Because M satisfies (|6.9p . 
the coupling {[/,f} is minimal and UfRo = fQo- Hence by Lemma 16.21 we obtain 
that {U, f} also is a minimal isometric coupling of {T^, Ao} with B — Hv^jj j^/tH^. 
According to Proposition l3.1[ the coupling {U, f} is isomorphic to a special isomet- 
ric coupling {U on /C,t} of {T^,Ao}. This isometric coupling {U,t} is minimal, 
satisfies UtRo — tQo and, by Lemma [3.5[ we have that B = Hv$^7-/H^. The 
isometry U defines an isometry Y from Vt' © 2?o © T^a (B X to Da ffi X, with 
A" = /C © (H' © Po © Va), by with on W © Vo instead of T' on 7^'. Then 
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the functions F in S{Va,Vo © Vt' ® Va) with F{0)\T = u) satisfying B ^ Bp 
corresponding to the function G G ^{Qbi Q'b) is given by 

F{\) = nv^,^v^s>v^Y*{i - \j*xY*)-^nv^. Ae©, 

with Jx being the partial isometry given by 

' Vt 



Jx = 



" ■ 








Ix _ 




X 





^V^®Va 
X 



From Theorem 16.11 we immediately obtain the next corollary. 

Corollary 6.4. Let B he a contractive interpolant for {A, T' , V, R, Q}. Then there 
is a unique F in S{Da,'Do ©2^t' ©2?^) with F(0)\F = w such that B = Bp if and 
only if Fb or F'g = Vo ®T>b- 

The next lemma gives some sufficient conditions on {A, T', V, R, Q} under which 
the parameterization in Theorem 10.11 is proper. To this end, define the subspace 
F'a of Vo © Va by 



(6.10) 



Do 
DaR 



Lemma 6.5. Let {A,T' ,V, R,Q} be a lifting data set. Then 

(i) F = Va implies that there exists a unique contractive interpolant B and 
that Fb =Vb; 

(ii) F'j^ = Vo®Va implies that F'^ — Vo®Vb for every contractive interpolant 
B. 

If either F = Va or F'j^ = Vo ®Va holds, then the mapping F ^ Bp given by (16. ip 
is one to one from the set of all F G S{Va, Vo © Vt' © Va) satisfying F(Q)\F = lo 
onto the set of all contractive interpolants. 

Proof. Let i? be a contractive interpolant for {A,T',V,R,Q}. Then H-^iB — A, 
hence there exists a contraction F from Va to {Vj" ) such that 



B 



A 
TDa 



n 



H' 

H\Vt') 



From this we obtain that for all /i G H 

WDBhf = \\hr-\\Bhf = \\hf-\\Ahf-\\TDAhf 
= \\DAhr-\\VDAr = \\DrDAhr. 



Note that V^ C Va and thus D^DaT^ = Vr- Hence there exists a unitary operator 
7 from Vr onto Vb such that Db = "^DyDa- 

(i) Assume that F = Va- Then there is only one F in S(I?a, T^o © Vt' © Va) with 
F{Q)\F = uj. Hence, by Theorem lO.il there can be only one contractive interpolant 
B for {A, T', y, i?, Q}, and for this contractive interpolant B there can be only one 
F in S(Da,2?o © V^ © Va) with F{Q)\F = uj such that B = Bp. Moreover, we 
have 



Fb = DbQHo = jDrDAQHo = jDrDAQHo = jDrF = jDtVa = Vb- 
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(ii) Assume that T'j^ = Vo ® T^a- Then we have that 



Do 
DbR 



Hq — 



' Iv. ■ 




Do 


Ho 


-fDr 




DaR 









iDr 



Do 
DaR 



Ho 









iDt 



Iv^ 
jDr 



Vo 

Va 





Vo 




■ Vo ' 




[ -iDtVa \ 







The final statement of the lemma follows immediately from (i), (ii) and Corol- 
lary EH □ 



For the classical commutant lifting theorem, that is, when H — Ho, R = In and 
Q is an isometry on "H, we have already seen in Section [D] that the parameterization 
in Theorem 10. II is proper. This result also follows from Lemma 16.51 fii). Indeed, if 
H — Ha, R ^ In and Q is an isometry on H, then 



{0} ® DaIkH = {0} oVa=Vo® Va. 



Finally we derive some sufficient conditions on {A, T', V, R, Q} guaranteeing that 
there is only one contractive interpolant. From Lemma 16.51 we already know that 
the condition J- = Va is such a condition. In the same way we can see that the 
condition J^' = Vt' © I?o ® Va is sufficient. 

For the classical commutant lifting theorem the combination of these two con- 
ditions is also a necessary condition. That is, ii H = Ho, R = In and Q is an 
isometry on H, then there is only one contractive interpolant if and only if = Va 
or J^' = Vt' © 2?o © Va- We can see this as follows. If the parametrization in 
Theorem 10.11 for the lifting data set {A,T',V,R,Q} is proper, then there is only 
one contractive interpolant for {A, T', V, R, Q} if and only if there is only one F in 
S(Va, Vo © Vt' ffi Va) with F{0)\T ^ uj. The latter is equivalent to the condition 

= Va or T' = Vt' © Po © Va'- 

Notice that when T' is an isometry, then the Sz.-Nagy-Schaffer minimal isometric 
lifting of T' is T' itself. So in that case there also is only one contractive interpolant 
B for {A, T', V, R, Q}, namely B ^ A. In the next lemma we summarize the above, 
and improve the condition 7^' = Vt' (BVo® Va a bit further. 

Proposition 6.6. Assume that for {A,T' ,V, R,Q} either T' is an isometry, J- = 
Va or Vt' © Va C T' . Then there exists a unique contractive interpolant for 
{A,T',V,R,Q}. 

Proof. We have already seen above that the requirement T' is an isometry and 



the equality T 
Vt'®Va C F'. 
Fo = Tlv„F, Ft' 



= Va are both sufficient conditions. So assume that we have 
Define for aU F G ^{Va, Vo ffi 2?t' ffi Va) the Schur class functions 
= Hp F and Fa = H-p^i^. Hence for all A e D 





' Fo{\) - 




" Vo 


F{\) = 


Ft'{X) 


■■Va ^ 


Vt' 




FAiX) 







Then we have 
(6.11) Ut'F{X){Iv^ 



XnAF{X))-'DA = Ft'{X){Iv^ - XFAiX))-'DA, X e 
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All F G S{Va,Vo 

the form 



) Vt' © T^a) with ^(0)17-" = Lj admit a matrix representation of 



F(A) 



' uj ■ 








■ r ' 


G(A) 




g 







A g: 



for some G G 8(5, 5') where g ^ Va Q J" and G' ^ {Vo © X>t' © © -7^'- Hence, 
because Vt' ®Va C J" all F G S{Va,Vo © Pt' © 2?a) with ^(0)1^" = w have 
identical Ft' and and thus from (|6.1ip we see that Bp is the same operator for 
ah F e S{Va,Vo (S Vt- © Va) with F(0)|J" = w. Hence by Theorem ED there is 
only one contractive interpolant. □ 

Acknowledgement. We thank Ciprian Foias for useful discussions on an earlier 
version of this paper. 

Added in proof. At the IWOTA 2004 conference in Newcastle, when a preliminary 
version of this paper had been completed, the authors learned that W.S. Li and 
D. Timotin had a preprint ready in which the coupling method was also used to 
study the relaxed commutant lifting problem and the set of its solutions. Although 
the same method was used in the same area the two papers turned out to be quite 
complementary in style and results. We are happy that the editors of Integral 
Equations and Operator Theory agreed to publish the final versions of both papers, 
one directly after the other in this volume. 



References 

[1] V.M. Adamjan and D.Z. Arov, Scattering operators and contraction semigroups in Hilbert 

space, Doklady 165 (1965), 1377-1380. 
[2] V.M. Adamjan and D.Z. Arov, On the unitary couplings of isometric operators. Mat. Issled. 

Kisinev 1 (1966), 3- 66 (Russian). 
[3] D. Alpay, V. Bolotnikov, Y. Peretz, On the tangential interpolation problem for H2 functions. 

Trans. Amer. Math. Soc. 347 (1995), 675-686. 
[4] T. Ando, De Branges spaces and analytic functions, Lecture notes of the division of Applied 

Mathematics Research Institute of Applied Electricity, Hokkaido University, Sapporo, Japan, 

1990. 

[5] R. Arocena, Generalized Toeplitz kernels and dilations of intertwining operators. Integral 

Equations and Operator Theory, 6 (1983), 759-778. 
[6] R,. Arocena, On the parameterization of Adamjan, Arov and Krein, Publ. Math. Orsay 83 

(1983), 7-23. 

[7] R. Arocena, On generalized Toeplitz kernels and their relation with a paper of Adamjan, 
Arov and Krein, in: Functional Analysis Homomorphy and Approximation Theory Math. 
Studies 86, North-Holland Amsterdam, 1984, pp. 1-22. 

[8] R. Arocena, A theorem of Naimark, linear systems and scattering operators, J. Funct. Anal. 
69 (1986), 281-288. 

[9] R. Arocena, Unitary extensions of isometries and contractive intertwining dilations, in: The 
Gohberg Anniversary Collection II, OT 41, Birkauser Verlag Basel, 1989, pp. 13-23. 
[10] D.Z. Arov, M.A. Kaashoek and D.R. Pik, Optimal time-variant systems and factorization 
of operators, I: minimal and optimal systems, Integral Equations and Operator Theory, 31 
(1998), 389-420. 

[11] H. Bart, I. Gohberg and M.A. Kaashoek, Minimal factorization of matrix and operator 

functions, OT 1, Birkhauser Verlag, Basel, 1979. 
[12] A. Biswas, C. Foias and A. E. Frazho, Weighted Commutant Lifting, Acta Sci. Math. 

(Szeged), 65 (1999), 657-686. 
[13] C. Foias and A. E. Frazho, The Commutant Lifting Approach to Interpolation Problems, OT 

44, Birkhauser Verlag, Basel, 1990. 
[14] C. Foias, A.E. Frazho, and M.A. Kaashoek, Relaxation of metric constrained interpolation 

and a new lifting theorem. Integral Equations and Operator Theory, 42 (2002), 253-310. 



COUPLING AND RELAXED COMMUTANT LIFTING 



31 



[15] A.E. Frazho and M.A. Kaashoek, A Naimark dilation perspective of Nevanlinna-Pick inter- 
polation, Integral Equations and Operator theory, 42 (2002), 253-310. 

[16] B. Sz.-Nagy and C. Foias, Harmonic Analysis of Operators on Hilbert Space, North Holland 
Publishing Co., Amsterdam-Budapest, 1970. 

[17] I. Gohberg, S. Goldberg and M. Kaashoek, Classes of Linear Operators Vol.11, OT 63, 
Birkhauser Verlag, Basel, 1993. 

[18] D. Sarason, Exposed points in H^. I, in: The Gohberg anniversary collection, Vol. 11, OT 
41, Birkhauser Verlag, Basel, 1989, pp. 485-496. 

[19] B. Sz.-Nagy and C. Foias, Dilation des commutants d'operateurs, C. R. Acad. Sci. Paris, 
serie A, 266 (1968), 493-495. 

[20] S. Trcil and A. Volbcrg, A fixed point approach to Nchari's problem and its applications, in: 
The Harold Widom Anniversary Volume, OT 71, Birkhauser Verlag, Basel, 1994, pp. 165-186. 

Department of Aeronautics and Astronautics, Purdue University, West Lafayette, 
IN 47907, USA 

E-mail address: frazhoSecii.purdue.edu 

Afdeling Wiskunde,, Faculteit der Exacte Wetenschappen, Vrije Universiteit, De 
Boelelaan 1081a, 1081 HV Amsterdam, The Netherlands 
E-mail address: terhorstSf ew.vu.nl 

Afdeling Wiskunde, Faculteit der Exacte Wetenschappen, Vrije Universiteit, De 
Boelelaan 1081a, 1081 HV Amsterdam, The Netherlands 
E-mail address: ma.kaashoekSfew.vu.nl 



